A true constant quality real estate price index should measure the general change in price level free from any change in quality over time. In recent years, the repeat-sales method has been widely used to construct constant quality property price indices. Since buildings depreciate over time, a simple repeat-sales index would underestimate the growth in property prices. The major problem of controlling the effects of age constant in a repeat-sales model arises from the exact multicollinearity between the age variable and the time dummy variables. In this study, we derive a solution that is theoretically sound and practical by allowing the age effects to be non-linear. In case of leasehold properties, we further incorporated interest rates into the model because the effects of age on real estate prices depend theoretically on interest rates. A sample of residential units in Hong Kong sold more than once from Quarter 2 of 1991 to Quarter 1 of 2001 (more than 11,000 repeat sales pairs) are used for the empirical analysis.
INTRODUCTION
An ideal price index measures the general change in the price level of a group of commodities over time. It is "general" in the sense that the measured change only reflects the price effects common to all commodities in the group, provided that such common effects exist. This raises two difficulties in real assets. First, due to their infrequent trading and heterogeneous characteristics, the properties transacted in one period are unlikely to be the same as those transacted in another period. Second, even if the properties transacted remain the same between periods, their qualities are likely to change over time. These two problems may undesirably cause the price index to measure quality variations in addition to general price changes.
Two approaches have been commonly adopted to eliminate quality differences in constructing real estate price indices. One is the hedonic pricing model that controls for the varying characteristics of properties using regression (see, for example, Palmquist, 1980; Greenlees, 1982; and Mark and Goldberg, 1984) . The price index is then computed either from the coefficients of time dummies in a single regression or from the values of a standard property through regressions for each time period. The major criticisms of this approach, however, are the assumption on functional form 1 and the difficulty in specifying and measuring a correct and complete set of attributes (e.g. . Both problems may lead to biased estimates of the coefficients.
The other approach is the repeat-sales model originally proposed by Bailey, et al. (1963) and later extended by Case and Shiller (1987) . The idea of this approach is to control quality variations by utilizing the transacted prices of the same property in different time periods. Provided that property characteristics and their implicit prices do not change between sales, the price differences can be solely explained by time dummies, 2 and thus the problems of specifying the functional form and attributes, as in the hedonic method, can be avoided. The price index is then obtained directly from the coefficients of time dummies. However, this approach has often been criticized for its inefficiency (e.g. , sample selection bias (Clapp and Giaccotto, 1992; Meese and Wallace, 1997) , and incapability to control for age effects (Bailey, et al., 1963) .
This paper provides a solution to the age effects problem in the repeat-sales model. Age effects refer to the change of property value when it ages over time, ceteris paribus. There are several possible sources of age effects. First, physical deterioration and functional obsolescence give rise to higher maintenance costs and/or lower productivity. Second, older buildings will be sold at a discount if they are regarded as lemons. Third, for leasehold land, 3 building age also bears a negative relationship with the residual length of leasehold interests (i.e. the term to maturity). The shortened future income stream for older buildings provides an additional source of negative age effects on property prices. In the presence of these age effects, the assumption of no quality change between sales of the same property in the repeat-sales model obviously does not hold. If they are ignored, the model will produce biased estimates of time dummy coefficients (omitted variable bias), and thus an erroneous price index. Unlike other occasional quality changes such as renovations, we cannot simply drop the age effects from our sample or control them by sample selection because they apply to all transaction data. As a result, the only solution is to model the age effects explicitly in the repeat-sales model. However, incorporating an age variable directly into the model will result in exact collinearity with time dummies. Several researchers have attempted to overcome this problem. The earliest attempts to solve a similar problem in the hedonic model were Cagan (1971) and Hall (1971) . They suggested imposing an a priori restriction on the coefficients. Palmquist (1980 Palmquist ( , 1982 used an independent estimate of depreciation to adjust for the age effects occurred between sales, but his method required the assumption of a stable rate of depreciation over time, as well as the estimation of the hedonic pricing models. Another line of approach involved the 'hybrid' technique, which combines the repeat-sales model and the hedonic pricing model (Case and Quigley, 1991; Quigley, 1995; Hill, et al., 1997; Englund, et al., 1998) . Since the data required to estimate a hybrid model is often difficult to obtain, the hybrid model approach is often not practical or very expensive. Recently, Clapp and Giaccotto (1998) proposed adding the interaction terms of age variables and time dummies, whereas Cannaday, et al. (1998) proposed using age dummies. Both tried to avoid putting an age variable directly into the model. We will show that their methods are erroneous in the next section.
In this paper, we argue that the exact multicollinearity in estimating age and time effects concurrently in the repeat-sales model can be resolved by dropping the assumption of a constant depreciation rate over time. This is an assumption being made for convenience, and has no theoretical justification. We developed a repeat-sales model that allows depreciation to be non-linear, so that age and time effects can be disentangled. 4 We further generalized our model to cover properties under a leasehold tenure where age effects are theoretically interest-rate-dependent. Therefore, our model is applicable to both freehold and leasehold properties.
The organization of this article is as follows. Section 2 critically reviews the previous attempts to solve the multicollinearity problem in the repeat-sales model. Section 3 discusses the reasons for non-linear age effects and establishes the mathematical exposition. Section 4 presents the resulting age-adjusted repeat-sales model. An empirical analysis using transactions of residential properties in Hong Kong is shown in Section 5. The conclusion is given in the final section.
PREVIOUS ATTEMPTS AT SOLVING THE MULTICOLLINEARITY PROBLEM

The Exact Multicollinearity Problem
Assuming the characteristics and their implicit prices of the same property do not change between the first sale (t 1 ) and second sale (t 2 ), Bailey, et al. (1963) introduced the following repeat-sales model (the BMN model):
where P it denotes the sales price of property i in period t (i=1,…,n; t=0,…,T); α t denotes the estimated coefficient for time dummy D it ; and ε it 1 t 2 is the error term. The time dummies are set to take the value -1 if t = t 1 , +1 if t=t 2, and zero if otherwise. Note that α 0 has been set to zero so as to normalize the price index at time period 0.
When the assumption of unchanged property characteristics was violated, Bailey, et al. showed how to modify Equation (1) to take into account any quality changes that occurred between sales:
where β k (k=1,…,K) denotes the estimated coefficient for the change in property characteristic Q kit from first sale t 1 to second sale t 2 . This specification, however, is unable to deal with linear age effects because the difference in building age between two sales is an exact linear combination of the time dummies. This collinear relationship can be shown mathematically. Assuming the only quality change is due to age effects for which age (A) acts as a proxy, we can substitute A for Q in Equation (2). Since age difference and time difference between two sales of the same property are always identical, we can write for all i that:
This will lead to the problem of exact multicollinearity and make the estimation of coefficients impossible.
Restrictions on Coefficients
Early attempts at solving the multicollinearity problem focused mainly on separating the effects of age, time, and vintage (completion date of the building) in the hedonic model, which bears a very close relationship with the age-time effects in the repeat-sales model. Cagan (1971) and Hall (1971) suggested imposing some restrictions on the coefficients based on a priori information. For example, if it is known that the vintages of two consecutive models are identical, equality restrictions can be imposed on the coefficients representing their respective vintage. One simple way to set the restrictions is to normalize the coefficients of both periods. However, the disadvantages of this method are that it is not applicable when there is no a priori knowledge on vintages, and all the estimated coefficients will become biased if the restrictions are incorrect. Moreover, in most cases, this method only turns the problem of exact multicollinearity artificially into high collinearity, making the estimated coefficients highly unreliable.
Independent Estimates of Depreciation Rates
The first literature that dealt with the multicollinearity problem in the repeat-sales model was Chinloy (1977) , but his method of estimating depreciation has been theoretically shown to be incorrect (Palmquist 1979) . Emphasizing the need for external information to separate the time and age effects, Palmquist (1980 Palmquist ( , 1982 proposed to adjust the price index manually by an independent estimate of depreciation from the hedonic model. Although this method appears arbitrary, it is reminiscent of the recently emerged hybrid technique, which simultaneously estimates the repeat-sales and hedonic regression models (Case and Quigley, 1991; Quigley, 1995; Hill, et al., 1997; Englund, et al., 1998) . Cannaday, et al. (1998) also tried to tackle the problem in the repeat-sales model by breaking down the continuous age variable ranging from 0 to U years old into a series of age dummies. Their model can be written as:
Age Dummies
where  a (a=0,…,U) denotes the estimated coefficient for age dummy Y ia . The age dummies are set to take the value -1 and +1 if a is the age of the property at the time of first sales and second sales, respectively, but zero if otherwise. Note that  0 has been set to zero so as to normalize the age index at age 0. Their original idea to avoid multicollinearity was to perform a non-linear transformation on age. This should be a feasible direction. Unfortunately, when they implemented their idea, the fact that multicollinearity is a problem of explanatory variables, but not their coefficients, was overlooked. Exact multicollinearity, therefore, cannot be avoided. Mathematically, the exact collinear relationship is:
Time-Age Interaction
Clapp and Giaccotto (1998) attempted to separate time and age by interacting age with time dummies. Their model can be written as:
where γ t denotes the estimated coefficient for the interaction term. Their model in Equation (6) simply introduces a set of time-varying age coefficients, but not a transformation of the age variables. As a result, this method has the same problem as Cannaday, et al. (1998) , and hence still results in exact multicollinearity. Mathematically, the exact collinear relationship of their model is as follows:
NON-LINEAR AGE EFFECTS
Reasons for Non-Linearity
Estimation of the housing depreciation rate has commanded intensive research. Malpezzi, et al. (1987) carried out a comprehensive survey on 12 previous estimates of depreciation rates. They ranged from 0.38% to 1.6%. However, different definitions of depreciation, models, and specifications are involved in these 12 studies. For example, Chinloy (1979) adopted semi-log hedonic models on housing units in Canadian cities, and found a 1% depreciation rate. Grether and Mieszkowski (1974) used the linear hedonic model on single family home sales in New Haven, CT, and found a 0.5% rate of depreciation. Cannaday and Sunderman (1986) considered the log-linear hedonic model on single family home sales in Champaign, IL and got 0.38-0.75%. Malpezzi, et al. (1987) also estimated the depreciation rates of housing in 59 metropolitan areas in the U.S. by way of the semi-log hedonic model with an age-squared variable. Their model catered for non-linear age effects, which allowed them to find depreciation rates of 0.43 -0.93% per annum.
There are several reasons why age might affect property values in a non-linear manner. Physical deterioration itself may not be linearly related with age, especially when maintenance and renovation are ignored. Chinloy (1980) studied the impact of maintenance on housing depreciation rates, and found that the total depreciation rate was 1.52%, of which 37% was accounted for by maintenance for housing units in Canadian cities. Since maintenance expenditure is not independent of the age structure, but increases with a house's age, this implies a non-linear depreciation rate. Chinloy (1978) earlier suggested that the more rapid depreciation rate in earlier years of a building should be observed in transacted properties because of the dominance of 'lemons' (poor quality products) in the transaction market. Hulten and Wykoff (1981) and Dixon, et al. (1999) also recognized that 'lemons' can pose a condition of nonlinearity in depreciation measurement.
Functional obsolescence, or vintage effect, is another commonly-agreed upon reason for non-linearity. Randolph (1988) , Wykoff (1989) , and Yiu (2002) studied theoretically and empirically on this issue. Gallimore, et al. (1996 ), Waddell, et al. (1996 ), So, et al. (1997 , and Tse and Love (2000) also explained their non-linear depreciation rate estimates by means of vintage effects. Goodman and Thibodeau (1997) , on the other hand, argued that obsolescence results in heteroskedasticity. They, after controlling the dwelling-age-related heteroskedasticity, obtained depreciation rates of 1.9 -4.05% for housing units in Dallas. Clapp and Giaccotto (1998) developed a model that explicitly captures the effects of obsolescence, and their estimated depreciation rates ranged from -0.30 -0.10% for single family residential properties in Fairfax County, VA.
The above three reasons for non-linear age effects apply no matter if the land is freehold or leasehold. Yet, in dealing with leasehold land, there is an additional source of non-linearity: sensitivity to interest rates. Based on the duration analysis of bonds, we know that a longer-term bond is more price-sensitive to interest rate changes than a shorter-term bond (see Appendix for the derivation). Since leasehold properties have a definite expiration date, the repeat sales of a property must involve a change in the term to maturity (or time to lease expiration). Given that building age is negatively-related to the term to maturity of a leasehold interest, a younger building should be more pricesensitive to interest rate changes than an older building. Therefore, on top of the arguments on physical deterioration, functional obsolescence, and the lemon effect, we further add that interest rates should be taken into account when doing repeat sales analysis for leasehold properties. The mathematical exposition is given in the next section.
Mathematical Exposition
Although the mathematical exposition below appears to be based primarily on leasehold properties, there is nothing to prevent it from applying to freehold properties. This is because freehold properties can be considered conceptually as leasehold properties with infinite lease terms. Consequently, the implications drawn from a generalized exposition for leasehold properties should be directly applicable to the restrictive case of freehold properties.
Consider a leasehold property of age A. Given that the length of the lease of the property is T, where T > A  0, the difference between T and A is the term to maturity.
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Initially, we assume the net real income (R) of the property remains unchanged over the leasehold period, so as to isolate the effects of physical deterioration, functional obsolescence, and the lemon effect from the effects of shortened future income stream. This assumption is made for the ease of exposition, and will be relaxed later. Let the real rate of return be r. The (log) present value (V) of the property is the discounted sum of its expected net future income:
Since the partial derivative of V with respect to A is negative (Equation 9), the value of a property will decline as it ages over time (i.e. comes closer to the expiration of its lease), ceteris paribus. The expression in Equation (9) represents the marginal effect of age purely due to the shortening of future income stream as the property ages, which is not related to physical deterioration, functional obsolescence, or the lemon effect. This marginal effect of age on property value (pure income stream effect) is a function of r, A, and T, as given by g(r, A, T):
The overall marginal effects of age must take into account the physical deterioration, functional obsolescence, and the lemon effect as the building ages. Let this negative marginal age effect be a function of age only, given by h(A)<0. It can be added to g(.) to obtain the overall marginal age effects, f(r, A, T), as shown in Equation (10). The overall marginal age effects are negative because both g(.) and h(.) are negative.
Two important points can be inferred from Equation (10). First, the combined depreciation tends to be non-linear in age because the overall marginal age effects, f(.), are a function of A. This is true even if the depreciation due to physical deterioration, functional obsolescence, and the lemon effect is linear (i.e. h(.) is a constant).
8 Equation (11a) gives the partial derivative of f(.) with respect to A. The sign of g'(A) is negative, but that of h'(A) is unknown. Consequently, the second-order effect of age on the property value has no a priori sign.
The second point drawn from Equation (10) is that for leasehold properties, the combined marginal age effects are not simply a function of age, but also of r and T. Equations (11b) and (11c) denote the partial derivative of f(.) with respect to r and T, respectively. They show that the combined marginal age effects increase as r or T increases, and hence their joint effects with age are positive. Fig. 1 depicts the relationship between property values, age, and real rates of return graphically. It indicates that the value difference between two properties (one property of age A+A and the other of age A) is smaller when the real rate of return is higher. 
THE AGE-ADJUSTED REPEAT-SALES MODEL
Empirical Estimation of Age Effects
In the previous section, we argued that the age effects should be non-linear irrespective of the type of land tenure. Specifically, we showed that building age not only accounts for physical deterioration, functional obsolescence, and the lemon effect, but also for the residual income stream of a leasehold property. The mathematical exposition further suggests that the real rate of return and term to maturity should produce positive joint effects with age. Based on these theoretical arguments, it is possible to specify a simpler empirical function for age effects for estimation. Let the age affects be F(r, A, T), which is a primitive function of f(.). The non-linearity of age effects can be modelled and approximated by highly flexible Box-Cox functions, y () 
where 
The Repeat-Sales Model
It is useful to start with the hedonic pricing model because the repeat-sales model can be derived from the hedonic pricing model (Clapp and Giaccotto, 1992) . Incorporating the empirical function for the age effects in Equation (12a) into the hedonic pricing model gives rise to the following specification for leasehold properties:
where P it (i=1,…,n; t=0,…,K) is the transaction price for property i at time t; Q jit (j=1,…,J) are the property attributes except age; D it are the time dummies that are set to 1 at the time of sale, and 0 if otherwise; A it is the property age; r t is the real rate of return; T i is the length of leasehold interests; c is the intercept (including  0 ); and
, and  3 are coefficients.
There are two possible variations for Equation (13a). First, if the length of leasehold interests are the same for all properties (i.e. T i = T for all i), then the interaction term between A it and T i is reduced to a function of age only. In such a case, it can be reasonably assumed that its effect can be absorbed by the Box-Cox transformed age term, so that it need not be included. This produces Equation (13b). The original coefficient of the Box-Cox transformed age term,  2 , is changed to  23 , which is expected to be negative according to Equation (10).
Second, if the properties are freehold, then the coefficient  1 should be set to zero, resulting in:
The repeat-sales model is simply a differenced version of Equation (13), in which the order of difference is determined by the period between each repeat pair of transactions (t 2 -t 1 ). Assume that all property characteristics other than age remain unchanged between the repeat sales of a property (i.e. Q jit = Q ji for all t), and the repeat-sales specifications for varying lease terms (T i ), for constant lease terms (T), and for infinite lease terms are shown in Equations (14a), (14b), and (14c), respectively. As we can see, an exact collinear relationship between age and time does not exist as long as  2 1 in Equation (14a) or  23 1 in Equations (14b) and (14c). 
Since the coefficients to be estimated are not linear, ordinary least squares (OLS) estimation is not directly applicable. However, the maximum likelihood estimation (MLE) technique can be applied to obtain consistent estimates for the unknown parameters. Alternatively, a two-stage estimation procedure can be used. First, the nonlinear model is estimated by the MLE technique to select the Box-Cox parameters that fit the data best. Then, by treating the Box-Cox parameters as given, the model becomes linear in coefficients and is re-estimated by the OLS technique.
EMPIRICAL DATA AND RESULTS
Hong Kong Data
The residential property market in Hong Kong has been very active over the last decade. This provides us with a rich source of data. We selected a residential district called North Point to carry out the empirical analysis. Over 11,000 pairs of repeat transactions of buildings, ranging from Q2-1991 through Q1-2001, were included in our sample, which is a very large sample size compared to all previous repeat-sales studies. Virtually all lands in Hong Kong are leasehold. Table 1 shows the descriptive statistics of the data used. The average log price change of repeated transactions is about 12.6%. 10 The ages of the transacted properties ranged from 0.25 years to 43.75 years.
11 The ex post long term real rate of interest, which is the yield on 10-year Exchange Fund notes, 12 less the inflation rate, 13 is considered a proxy for the real rate of return. Since the real rate of interest is not strictly positive, Box-Cox transformation is not applied to r, and  r is assumed to be one. The tenures of 72 lots located in the sampled district were surveyed, and it was found that the distribution of the lease tenure of the lots was well-confined to about 99 years. Therefore, the lease term can be regarded as fixed in this sample, and the age-adjusted repeat-sales model in Equation (14b) will be adopted. A repeat-sales index based on the BMN model in Equation (1) will also be estimated for comparison purposes. 
Discussion of Results
To estimate Equation (14b) by the MLE technique, we assume the error term ε it 1 t 2 is independent, drawing from a normal distribution with a mean of zero and a variance of σ 2 . The estimated results of  1 ,  23 ,  1 , and  23 are shown in Table 2 . The positive sign of  1 implies that the joint effect of age and the real rate of return is positive. This result is consistent with the theoretical relationship that real rates of return are positively-related to the marginal age effect. The negative sign of  23 confirms that age has a negative effect on property prices. Moreover, the values of  1 and  23 suggest that age effects are non-linear, and are approximately a square-root function of age. were not significant at the 5% level. This is due to the loss in degrees of freedom for a highly flexible model. Since the coefficients of primary interest are  1 and  23 , it is worthwhile to place restrictions on  1 and  23 . Moreover, if  1 and  23 are restricted to some specific values, the model becomes linear and can be estimated by the standard OLS technique.
In view of the above motivations, some special case models (i.e.   =-1, 0, 0.5, 1, 2 and  23 =-1, 0, 0.5, 2) are tested against the above optimal age-adjusted model using loglikelihood ratio (LR) test. If a special case model is not significantly different from the optimal Box-Cox model, it can be used as a good approximation for practical purposes. The test statistics is:
where MLO is the maximum log-likelihood value of the optimal model, and ML(λ) is the maximum log-likelihood value of a special case model. Since only two parameters are to be restricted, LR follows a Chi-squared distribution with two degrees of freedom, and the critical value at the 5% level is 5.991. The results of the LR test are reported in Table 3 . In Table 3 , several constrained models are not significantly different from the optimal model at the 5% level. Since the log-likelihood value at   =0.5 and   =0.5 is the highest (with LR=0.12), a square-root function is chosen to approximate the non-linear effect of age. We can then estimate a linear form of the age-adjusted repeat-sales model using 
CONCLUSIONS
The problem of multicollinearity between time and age difference in the traditional repeat-sales model has been addressed and an age-adjusted solution has been proposed. Our solution is founded on the recognition that the age effects are non-linear in general and age bears a close relationship with the term to maturity for leasehold properties in particular. Through analysing the residential market in Hong Kong, we have demonstrated how the proposed method can adjust for the age effects, which are ignored in the traditional BMN method. The estimated depreciation rate of 0.6% per annum in this study falls within the range of most of the relevant studies.
Due to data availability, the empirical test in this study is limited to residential leasehold interests only. Further tests on our model can be extended on one hand to freehold interests, and on the other hand to the commercial or office sectors. The theoretical model also relies on the validity of the assumptions of income approach in property valuation. This study, because of the lack of information, also ignored quality changes due to maintenance and renovation. In other words, the estimate is an agerelated depreciation net of maintenance efforts.
The resulting age-adjusted index should be useful in providing a clearer picture of the performance of a property market. The same approach can be applied to the hedonic model to estimate vintage effects, although an empirical test for this is best left to further studies.
